Modified gravity has attracted much attention over the last few years and remains a potential candidate for dark energy. In particular, the so-called viable f (R) gravity theories, which are able to both recover General Relativity (GR) and produce late-time cosmic acceleration, have been widely studied in recent literature. Nevertheless, extended theories of gravity suffer from several shortcomings which compromise their ability to provide realistic alternatives to the standard cosmological ΛCDM Concordance model. We address the existence of cosmological singularities and the conditions that guarantee late-time acceleration, assuming reasonable energy conditions for standard matter in the so-called Hu-Sawicki f (R) model, currently among the most widely studied modifications to General Relativity. Then using the Supernovae Ia Union 2.1 catalogue, we further constrain the free parameters of this model. The combined analysis of both theoretical and observational constraints sheds some light on the viable parameter space of these models and the form of the underlying effective theory of gravity.
I. INTRODUCTION
Over the last few years, a great deal of effort related to the problem of the origin of late-time cosmic acceleration has been devoted to the so-called f (R) theories of gravity. This is due to the fact that by a choosing the Lagrangian of the gravitational interaction to be an appropriate function of the Ricci scalar, the late-time acceleration of the universe expansion can be reproduced without the need of introducing a dark energy field (for a review see Ref. [1] ). Contrary to the first f (R) models from the 80's, for example Starobinsky's R 2 inflation model, much of the current work on f (R) gravity is aimed at obtaining a description of the late-time history of the universe, when the curvature is very small. Roughly speaking, these models provide an infrared correction to General Relativity (GR), which may be inspired by string theories [3] . Moreover, the analysis of inflation within the framework of modified gravity and even the unification of late-time acceleration and inflation still draws a great deal of attention, particularly after the last release of Planck data and the success of Starobinsky inflation [2] . It is therefore possible that these types of modifications to general relativity could lead to a complete picture of the evolution of the universe [4] . Unfortunately, in general, such modifications of GR are plagued by a number of problems, such as violations of local gravity tests, the ab-sence of a matter dominated era and antigravity regimes among others. In order to deal with these shortcomings, some f (R) models referred to as viable have been proposed in the last few years (see Refs. [5, 6] ). Those models are able to introduce corrections at cosmological scales, while GR is recovered on local scales and the usual predictions of GR remain the same. To do so, the authors of these works extended the so-called Chameleon mechanism [7] , initially applied to scalar-tensor theories, to f (R) gravity. The Chameleon mechanism basically introduces a scale hierarchy over the additional terms of the gravitational action so that on local scales, for example the Earth or the Solar System, GR is effectively recovered. On the other hand, these terms become important on cosmological scales, whereby the appropriate choice of theory parameters, the late-time acceleration can be reproduced. In addition, these viable modified theories of gravity are also able to evade the Ostrogradski and Dolgov-Kawasaki instabilities [8] . All these features make these theories a promising candidate for dark energy.
However, a common issue of every viable f (R) gravity is the presence of a number of theoretical shortcomings such as back-reaction averaging effects, absence of smooth junction conditions in astrophysical context [9, 10] , faster growth of structures in disagreement with large-scale structure catalogues [11] , the appearance of unexpected singularities and existence of anti-gravity regimes, among others. The latter two issues form part of the study presented in this manuscript. In more detail, a common feature of every viable f (R) gravity is the presence of sudden cosmological singularities both in the past and the future (for a classification of singularities, arXiv:1511.00102v1 [gr-qc] 31 Oct 2015 see Ref. [12] ). The existence of such singularities within General Relativity is connected to violations of the energy conditions by the matter content, particularly dark energy. Nevertheless, within modified gravity, the energy conditions may be violated naturally through the extra geometrical terms that appear in the field equations [13] . The occurrence of such singularities have been explored extensively in the literature, since observations do not discard an equation of state parameter for dark energy w < −1 [14] . One of these cosmological singularities is the so-called sudden singularity, where the first derivative of the Hubble parameter diverges [15] . Viable f (R) gravity, in general contains this type of cosmological singularity. Furthermore, the singularity represents an asymptotically stable point and therefore its avoidance depends entirely upon the initial conditions and the election of the free parameters (see Refs. [16, 17] ).
On the other hand, it is well known that in the context of GR without a cosmological constant, a non-positive contribution for the space-time geometry to the Raychaudhuri equation, or in other words the attractiveness of gravitational interaction, is obtained once standard fluids are assumed and regardless of the solution of the Einstein's equations [18, 19] . However, this result can be reversed in the context of extended theories of gravity, where depending on the theory and parameter choice, the subsequent convergence (or divergence) of geodesics for fundamental observers can be obtained without invoking the presence of exotic fluids. Moreover, an upper bound to the contribution of space-time geometry can be provided both in terms of the gravitational model and the metric under consideration. Using this upper bound and assuming usual energy conditions, restrictions on f (R) models can be derived in order to constrain their cosmological viability [20] . Consequently, the careful analysis of the geometrical terms in the Raychaudhuri equation for extended theories of gravity plays a critical role in the demonstration of the singularities theorems [18] , as well as in the context of the so-called Holographic Principle [21] . An analysis of this geometrical contribution [22] showed that it can be interpreted as the mean curvature in the direction of the congruence [23] . It can also be easily verified that for a Robertson-Walker model with a negative deceleration parameter, this contribution is positive [22] and the attractive character of gravity vanishes. Actually. as shown in [22] , the mean curvature for a given geodesics turns out to be positive for almost all timelike directions in a Robertson-Walker model with the present value of the deceleration parameter.
The present manuscript is devoted to the analysis of a class of viable f (R) models -the so-called Hu-Sawicki gravity model [5] -which has received a lot of attention lately [24] . Here we investigate the possible constraints on the free parameters of this model by using both theoretical limits and observational data, particularly the Union2.1 catalogue of Supernovae Ia [25] . Then, the free parameters are constrained by obtaining the region of parameter-space which is free of cosmic singularities and also has a positive contribution to the Raychaudhuri equation at late times. Initial conditions for the background evolution are fixed at large (z ∼ 10) redshifts to be the same as in the ΛCDM model in order to guarantee that the high redshift cosmology is compatible with BBN and CMB constraints. After obtaining a region free of singularities, which provides a smooth evolution from the past until today, the free parameters are then fitted by using Supernovae Ia data.
The paper is organised as follows: In Sec. II we provide an overview of f (R) theories of gravity in the metric formalism in general and the Hu-Sawicki model in particular, providing a brief review of the dynamical system approach which enables us to easily solve the background cosmological equations. Then in Sec. III we discuss the emergence of sudden singularities in these kind of models using the equivalent picture of scalar-tensor theories. We also present the theoretical analysis leading to upper bounds on the positive geometrical contributions to the Raychaudhuri equation for f (R) models. The statistical analysis using supernovae data is performed in Sec. IV enabling us, together with other gravitational and cosmological tests to constrain the viable parameters space. We end the paper in Sec. V presenting the main results of this investigation. A brief appendix A at the end of the paper gives details on the process to find the apparent magnitude statistical minimum. Unless otherwise specified, natural units ( = c = k B = 8πG = 1) will be used throughout this paper.
II. COSMOLOGICAL EVOLUTION IN
HU-SAWICKI f (R) MODEL f (R) gravity usually refers to a set of theories whose Lagrangian is given by a general function of the Ricci scalar,
where L m is the Lagrangian of the matter content. It is straightforward to obtain the field equations by varying the action with respect to the metric field g µν , leading to
where f R ≡ df dR . Higher derivatives of f with respect to R will be denoted as f 2R , f 3R , etc.
We are primarily interested in studying spatially flat Robertson-Walker cosmologies, whose metric, expressed in the usual co-moving coordinates, is given by
Then, the corresponding field equations obtained from (2) and corresponding to a dust-dominated Universe be-come
where the Hubble parameter is H(t) =ȧ/a, the dot denotes a derivative with respect to cosmic time, and ρ m denotes the standard matter energy density. We can also use the continuity equation,
to reduce the number of independent equations. It has been shown recently [26] that it is convenient (and numerically more stable) to express the cosmological equations as a set of autonomous first order equations in order to study the expansion history of a general class of f (R) theories. Taking advantage of this fact, we rewrite equations (4) - (6) in terms of the following dynamical system variables
Written in terms of (7), the Friedmann and Raychaudhuri equations become
where h = H/H 0 and we obtain the following set of first order differential equations directly from the dynamical system variables.
These equations describe the cosmological evolution of a general f (R) theory of gravity, where Γ ≡ f R Rf 2R specifies the theory [27] .
In this paper we focus on the analysis of the so-called viable f (R) theories of gravity, which, in addition to producing the late time accelerated era of expansion, also recovers results consistent with General Relativity on local scales. To illustrate our analysis, let us consider the model of this kind proposed in Ref. [5] ,
where {b, c, d, n} are constants to be determined by both theoretical and observational constraints, while H 0 is the ΛCDM Hubble parameter evaluated today. For this model, the Γ term in the dynamical systems equations takes the following form
where r = R/cH 2 0 is the dimensionless Ricci scalar. The success of this model lies in its ability to produce an effective cosmological constant at late times, thus mimicking the expansion history of the ΛCDM model, as well as avoiding violations of local gravity tests. To do so, the extra scalar degree of freedom -known as the scalaron -behaves like a Chameleon field, whose mass is given by:
Summarising, since the mass of the scalaron (16) depends on the scale via the Ricci scalar, roughly speaking, the so-called thin-shell condition (a smooth transition from high to low curvature regimes) is satisfied provided the mass (16) is large enough in the high curvature regime, such that deviations from General Relativity are avoided.
For further details about the chameleon mechanism c.f. Ref. [7] and for its extension to f (R) gravity, see Ref. [5] .
In spite of the great success of models of this kind, they are plagued with several shortcomings such as the presence of antigravity regimes or the occurrence of cosmic curvature singularities. Both of these issues are analysed in detail below, but before doing so, let us first illustrate their cosmological behaviour, given by (14) and how they are able to mimic the cosmological constant behaviour at late times.
In order to illustrate this qualitatively, Fig. 1 depicts the shape of f HS (R) for a set of the free parameters of the model. The free parameter n controls the slope of the transition to a constant plateau. The amplitude of the correction is directly determined by the free parameter c, so that when R cH 2 0 , corrections to GR are negligible, and in the high curvature limit, R cH 
As was originally presented in [5] , we limit the choices of the free parameters by requiring that this theory must mimic the ΛCDM model. In order for this to occur, we require that
In this way, the amplitude of the plateau is controlled by the free parameters {b, d} and the matter density today
In the top central panel of Fig. 1 , the Hubble parameter evolution is compared with the ΛCDM model, while the central bottom panel depicts the deceleration parameter q = −ä/aH 2 . This clearly shows that for this choice of parameters, the expansion history is indistinguishable from the ΛCDM model, a feature which makes this class of theories such a popular parameterisation of dark energy. Having said this, in what follows, we will show that not all values of the parameters lead to 1 In expression (17) the limit must be understood as R cH 2 0 , i.e., eras with high Ricci curvature, such as matter/radiation dominated eras. viable expansion histories due to the presence of curvature singularities at physically relevant redshifts nor they guarantee cosmological expansion at late times.
III. SINGULARITIES AND THE NON-ATTRACTIVE CHARACTER OF GRAVITY IN VIABLE f (R) THEORIES
A. Singularities
One of the main shortcomings of viable f (R) theories of gravity is the occurrence of cosmological singularities, in particularly the appearance of a sudden singularity, whereḢ → ∞ in a finite time t s (see [16, 17] ). This is a feature which can be easily analysed within the scalartensor framework of f (R) gravity, where the action (1) takes the form
by means of the relations
For the model (14), the scalar field φ and its potential in terms of the Ricci scalar become
In general it is not possible to get the explicit expression of the scalar potential in terms of the scalar field V = V (φ) since the first expression in (22) is not analytically invertible for a general n. Nevertheless, this is possible for the case n = 1, such that the scalar potential yields
Note that in this case the potential is not univocally defined, as depicted in Fig. 2 . It is straightforward to check that the sudden singularity, where R → ∞, occurs for
sinceḢ ∝ V (φ) and the first derivative of the potential V (φ → 1) → ∞. Hence, in order to construct a consistent and smooth cosmological evolution for the f (R) model (14), the occurrence of such singularity has to be avoided. Note that the two branches of the scalar potential, Fig. 2 , contain different asymptotically stable points. While the upper branch ends at the singular point φ = 1, and any cosmological evolution located initially on that branch, the other branch ends in an asymptotically stable de Sitter evolution (see Ref. [17] ). Therefore, depending upon the initial conditions and the model parameters values, the singularity may be avoided, as shown in the following Section. (22) for n = 1. The singular behaviour lies at φ = 1. The lower branch is singularity free whereas the upper branch leads inevitably towards the singularity. The potential corresponds to the free parameteres used in Fig. 1, {n = 1, b = 200} .
B. Attractive character
In this section we focus on finding inequalities which provide an upper bound for the positive contribution to the space-time geometry of the Raychaudhuri equation for timelike geodesics 2 , rendering the gravitational interaction attractive. Let us express the Raychaudhuri equation for timelike geodesics as [19, 29] 
where θ, σ µν and ω µν are respectively the expansion, shear and rotation of the congruence of timelike geodesics generated by the tangent vector field ξ µ and τ is an affine parameter. One of the standard interpretations of the Raychaudhuri equation is that, once the Strong Energy Condition (SEC) is assumed
Provided that GR is considered as the underlying theory, the SEC immediately implies that R µν ξ µ ξ ν ≥ 0, which may be interpreted as a manifestation of the attractive character of gravity. It therefore follows that the mean curvature [22, 23] in every timelike direction defined by
is negative or zero in GR provided that the SEC holds. The utility of the Raychaudhuri equation in the singularity theorems is based on the following result: if one chooses a congruence of timelike geodesics whose tangent vector field is locally hypersurface-orthogonal, then one gets ω µν = 0 for all the congruences. Since the term σ µν σ µν is non-negative and whenever R µν ξ µ ξ ν ≥ 0 is assumed, then
This inequality tells us that a congruence initially converging (θ 0 ≤ 0) will converge to zero in a finite time.
Reverse reasoning backwards in time can be easily formulated. Let us stress at this stage that the requirement for the previous reasoning to be true for any general theory of gravity does not need any energy condition to hold, but rather that R µν ξ µ ξ ν ≥ 0 for every nonspacelike vector. In what follows, we focus on timelike geodesics, referring the reader to [20] , where details on null geodesics were presented. We also consider the aforementioned constraint in late-time cosmological scenarios, i.e., assuming a de Sitter phase and subdominant contributions from both radiation and dust. Thus, the Ricci scalar R = R 0 will be approximately constant for situations where we require cosmological expansion of timelike geodesics in order to match observations.
Following the general results in [20] , one can prove that
where we have just considered Eqn. (2) with constant scalar curvature and all standard matter sources -if any -to satisfy the SEC. Therefore, the r.h.s. of (28) must be negative in order to allow R µν ξ µ ξ ν < 0 or equivalently M ξ > 0. It follows that M ξ must be bounded from above. Hence the necessary condition for timelike geodesics to diverge at late times becomes:
and provided that 1 + f R (R 0 ) > 0, we obtain
If we now consider equation (2) in vacuum (T = 0) for constant scalar curvature solutions, the value of R 0 satisfies
Although in general this algebraic equation cannot be solved analytically, some f (R) models exist (depending upon the parameters of the model) for which a closed solution can be found. Thus rearranging terms in the equation (30) one can prove that the equation above implies
Hence, a positive contribution to the Raychaudhuri equation from the space-time geometry M ξ for every timelike direction is obtained provided that R 0 > 0. This condition will constrain the parameters of different HuSawicki models. As mentioned above constant curvatures R 0 usually cannot be determined analytically 5 from (31) although numerical solutions do generally exist, as we shall illustrate for n = 2, 3 in the upcoming section.
In conclusion, the combination of the analyses described in Sections III A and III B provide two complementary independent ways of constraining viable f (R) models. We have applied those results to the Hu-Sawicki class of models for different exponents n = 2, 3 and summarise the results in Fig. 3 . This information can be then used in MCMC analyses in order to avoid regions in the parameter-space which we know possess singular points in their cosmological evolution or do not provide late-time accelerated expansion.
IV. FITTING THE HU-SAWICKI MODEL WITH SNE Ia
We implement a Markov Chain Monte Carlo (MCMC) routine to estimate the parameters of the Hu-Sawicki model, by fitting to the Union 2.1 supernovae data (see Ref. [25] ), consisting of 557 sources. Using a MetropolisHastings algorithm, we sample from a three-dimensional parameter space {b, d, Ω m }, while holding n fixed at three integer values of 1,2,3. However, the occurrence of singularities in a model's resulting expansion history makes any numerical analysis, such as a parameter optimisation routine, more complicated, as the statistics and posterior distributions may be compromised whenever encountering singular evolutions. We therefore attempt to manage this difficulty as follows.
A. Numerical detection of singularities
Given that singularities are expected within the parameter space, it is useful to determine the regions of parameter-space containing regular solutions, so that appropriate priors on the free parameters may be considered. and n = 3 (lower panel) containing singular/regular sets of parameters for different values of Ωm, and regions with different signs of R0. In both panels, the non-meshed zone represents R0 > 0, and the grey regions represent entirely singular regions (regardless of the value of Ωm); for n = 2 this corresponds to d < 0, and for n = 3 this corresponds to b < 0. Other singular regions in the b − d plane do depend upon the value of Ωm and have been represented in different colours (see legends in the panels). Note that this analysis focuses on the past cosmological evolution z ≥ 0, thus this does not ensure a whole regular condition for n > 1. For the case n = 2, the closer Ωm gets to its best-fit value Ωm = 0.27 (see Section IV), the narrower the aforementioned upper singular parabolic region becomes. When Ωm = 0.27, the phase space is completely regular for all values of d > 0 and all values of b = 0. For the case n = 3, there appears not to be any improvement as we get closer to the Ωm best-fit value but the singular region located at b > 0 grows with Ωm. The best fit values found in Table I lie in the blank regions for both n = 2, 3.
Since the integration of the cosmological equations is needed for the optimisation routine, the detection and avoidance of any singularities is a mandatory step at this stage.
The case n = 1 is particularly simple as the appearance of singularities solely depends upon two free parameters {b, Ω m }, and the scalar potential is obtained exactly in (22) . Consequently the region of parameter-space leading to regular solutions can easily be found [17] . As pointed out above, we need to stay initially on the lower branch of the scalar potential Fig. 2 in order to avoid the singularity, which is located at φ = 1 where
This leads to the condition:
Then, by imposing the initial conditions to match the model with ΛCDM at a particular redshift and using the expression (22), we get the following constraint on b,
where z 0 is the initial redshift.
For n > 1, we need to resort to numerical techniques in order to determine the singularity free regions in the parameter space. We proceed by testing a reasonably large grid of the sampling region, within a chosen redshift range. The dynamical system equations (9) - (13) are integrated from z = 10 to the present era 6 . The solution at every point in the grid is examined to determine any singular behaviour. We present twodimensional representations of this grid, showing the b−d plane, for fixed values of Ω m in Fig. 3 for n = 2 and n = 3. According to this, for higher values of n the singular regions in the phase space are more complicated. While the filled regions in the plot represent regions which contain the singularities in this range of parameter space, there may exist regular parameter sets for different values of Ω m within those regions as well. Similarly, the white space gives singularity free regions that also depend on the value of Ω m . This analysis ensures an smooth cosmological evolution for z ≥ 0 but is unable to ensure a future cosmological evolution in absence of singularities. However, note that many other dark energy models allowed by the observations contain future cosmological singularities [14] .
B. SNIa fit to the Hu-Sawicki model
In this section we present the results of a Markov Chain Monte Carlo method performed to fit for the free parameters of the Hu-Sawicki model subject to the theoretical constraints presented above. The results obtained in the previous section aid in the avoidance of highly dense singular regions, as well as the interpretation of the MCMC chains. The regions for which the cosmological evolution does not guarantee expansion are excluded a priori in the calculations here, although once the maximum likelihood is obtained, we are able to determine whether the corresponding points in the parameter-phase space lie in the allowed regions, i.e., singularity-free and late-time expansion ones.
The observable to be compared with the catalog of Union2 is the apparent magnitude, which is defined as follows
where x i are the free parameters of the model andM is the magnitude zero point offset, which is given bȳ
Here M is the absolute magnitude and H 0 is the Hubble parameter evaluated today, while
is the corresponding free luminosity distance: (9) - (13). Thus, the theoretical value of the apparent magnitude (35) can be determined, and compared with the observational data from [25] , which provides the observed apparent magnitudes m obs (z) of the SN Ia with the corresponding redshifts z and errors σ m(z) . Then, the best fit is determined by studying the probability distribution
where
.
Here N is a normalisation factor. Those free parameters {Ω 0 m ,z 0 ,x i } minimising the χ 2 expression (39) will correspond to what we call the best fit. On the other hand, the parameterM can be minimised and dropped out of the χ 2 expression. Details on such a process are provided in Appendix A. The MCMC analysis for the Hu-Sawicki model was performed by fixing integer values of n = 1, 2, 3, sampling for the posterior distributions of the remaining free parameters b, d and Ω m .
For each of n = 1, 2, 3, twenty chains were generated, comprising 2.5 × 10 5 sampled points in the respective parameter space. The obvious prior Ω m ∈ (0, 1] was imposed. For the sake of simplicity, each parameter was Table I : MCMC analysis results for the fitting of Hu-Sawicki model to Union 2 SNIa data. The free parameters b,d and Ωm are estimated, for each case where n is fixed, n = 1, 2, 3.
We include the results for ΛCDM for comparison. Each free parameter is represented by two columns, the left showing the mean and 1σ of the resulting posterior, and the right showing its best fit value. The best fit values lie in the white regions in Fig. 3 for both n = 2, 3 exponents, therefore providing the appropriate cosmological expansion behaviour at late time.
sampled following a normal distribution centered at zero with standard deviations
and σ Ωm = 0.03 respectively. Results are depicted in Fig. 4 . Each chain was initialised at unique points in the phase space, and for each Markov Chain, convergence of the matter density fraction of the universe today, i.e., Ω m occurred fairly quickly. In fact, Ω m is very well described by a Gaussian posterior distribution of all three values of n, with an error comparable to that of a similar analysis done for ΛCDM. Table I summarises the results for each value of n. We include the best fit values for each parameter corresponding to each value of the exponent n, as well as the mean and 1-σ standard deviation of their sample distribution. We find in all cases that the best fit values do in fact lie in the R > 0 regions.
For the case n = 1, the parameter space is 2-dimensional as d factors out of the system entirely. In this simple scenario, the convergence of the b parameter is remarkably bad (left panel in Fig. 4 ). We find, consistently for each Markov chain generated, that a range of b values minimising χ 2 exists. The χ 2 surface is extremely flat, and we find that the variation in the values of the χ 2 is small (σ χ 2 = 1.470).
When n = 2, the parameter space is 3-dimensional. Once again, Ω m converges quickly to Ω m = 0.27 ± 0.020, however, b and d show no acceptable convergence in general (mid panel Fig. 4 ). In both cases the standard deviations of the posterior distributions are very large. 7 Having initially no information about the scales of b and d, the sampling distributions were chosen so as to scan the available phase space efficiently. The relatively large values of σ b and σ d were settled upon in order to optimise the computing time.
More conservative values for these quantities were tested and the results did not significantly differ from those presented here.
As can be seen from Finally, for n = 3, where σ χ 2 = 1.364, it can be seen that the results are very similar to those of n = 2.
Whereas Ω m successfully converges, b and d remain unconstrained (right panel Fig. 4 ). The standard deviations of these two free parameters are large, so that the values which minimise χ 2 is not reflected in the statistics of the posteriors.
At this stage we must emphasise that although all the generated MCMC chains gave identical results for Ω m , they provided inconsistent results for b and d. The distributions of b and d were highly sensitive to the initial points of the various chains, which reiterates the fact that a wide range of values form part of an acceptable optimum region for the values of b and d, some of which are not necessarily connected within the phase space. We have depicted the chain-dependence of the results for the {b, d} parameters in Fig. 5 showing the results of four different chains for the cases n = 2 and n = 3. As can be seen, b and d show no tendency to converge to a preferred state. We are led to conclude that supernovae data does not impose strong enough constraints on the free parameters of the Hu-Sawicki model.
V. CONCLUSIONS
In this paper, we have investigated, through a combination of theoretical and statistical tests, several issues which must be considered when trying to constrain the parameter space of viable f (R) theories of gravity, and by extension any extended theory of gravity. We focused our study on the Hu-Sawicki model, which is considered to provide a reasonable parameterisation of the required features of effective extensions of the Hilbert-Einstein gravitational Lagrangian which are consistent with the ΛCDM expansion history and astrophysical tests of gravity.
We first considered two theoretical constraints, which have been widely overlooked in previous literature, namely the appearance of singularities and upper bounds ensuring the cosmological expansion at late times. As discussed previously, these kinds of viable f (R) models analysed in this manuscript contain a cosmological singularity, where the first derivative of the Hubble parameter diverges [16] . By analysing the phase space of this model, particularly in the scalar-tensor framework, we found that the singularity is actually an asymptotically stable point, which can be avoided by an appropriate choice of the free parameters together with convenient initial conditions [17] . We then investigated the requirements needed to obtain a positive contribution in the space-time geometry term appearing in the Raychaud-huri equation for time-like geodesics. This upper bound for f (R) models guarantees the non-attractive character of gravity at late-times on cosmological scales, i.e., the cosmological expansion by purely gravitational means. We paid special attention to the asymptotic case of (de Sitter) constant scalar curvature with the sole assumption being that the usual energy conditions for standard fluids hold. The Hu-Sawicki model proved to have free parameters capable of satisfying both constraints. For example, for the exponent n = 2, when these two analysis were combined, we were able to exclude models with d < 0 and large regions of parameter space with b < 0. The necessary conditions for the free parameters which give rise to both singular-free and accelerated de Sitter regimes were presented in Fig. 3 , where the singular regions are presented for several values of Ω m . For the case n = 3, we found that we needed to exclude regions where b < 0 and large regions where d > 0. In this case, the larger the value of Ω m , the larger the singular region turns out to be.
Our aim in this paper was therefore to constrain the parameters space region that leads to both a smooth and regular Hubble evolution and late-time expansion, and then use these theoretical constraints to determine priors for the free parameters when fitting with Supernovae Ia data. Using this reduced parameter space, we then looked at what further constraints would be obtained when the expansion history of these models was compared to Supernovae Ia data, using an extensive Markov Chain Monte Carlo analysis. In order to do so, a full resolution of the cosmological background equations was performed using the dynamical system approach [27] . Thus, for exponents n = 2, 3 the best-fit values that were found for the free parameters lie in both the singularity-free and accelerated regions. We also found that while the density parameter of matter Ω m is well described by a Gaussian posterior distribution of the studied values of exponent n, the remaining free parameters b and d cannot be properly constrained by the sole use of supernovae data, with large intervals in the parameter space providing almost the same statistical significance. Consequently, for the studied exponents (n = 1, 2, 3), we were not able to improve on what is obtained by the ΛCDM model. In other words, the supernovae analysis by itself remains a weak tool to constrain f (R) models able to provide an explanation for the accelerated universe beyond the Concordance ΛCDM model. In fact, this weakness was illustrated by the fact that the best-fit statistical distributions for free parameters did depend upon the starting point of the various Monte Carlo chains as illustrated in Fig. 5 , which gives the results of four different chains for the cases n = 2 and n = 3.
We are therefore led to the conclusion that while the theoretical analysis conducted (the avoidance of singularities in the cosmological expansion history and the nonattractive character at late times) can indeed be used as a powerful tool to constrain the parameter space of viable f (R) models, when combined with observational constraints coming from supernovae catalogues, does not lead to a significant reduction in the parameter space consistent with a ΛCDM expansion history. Further observational data, for example large-scale structure surveys, the density contrast at different redshifts and the integrated Sachs-Wolfe effect will be needed in order to improve the exclusion maps we provided in the investigation. Work in this direction is currently in progress. .
The minimum of equation (A1) 
